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An alternative formulation of the linearized classical theory 
of gravitation as a zero mass limit 


By O. Bruin and S. HJALMARS 


1. Introduction and summary 


In a preceding paper [1] the present authors have developed a scheme for 
constructing the matrices of a relativistic wave equation of Dirac form by 
means of the infinitesimal operators of the 5-dimensional affine group. In this 
scheme it is not necessary that the mass term is a constant times the unit 
matrix. It is not necessary, either, that the four coefficient matrices of the 
momenta form an irreducible set. In fact, the only condition is that these four 
matrices together with the mass matrix form an irreducible set, and this con- 
dition is always possible to satisfy in the frame of the scheme. 

It was shown that the scheme gives nothing new in the simplest spin-2 case, 
labelled by Bhabha [2] as F#,;(2,0), and investigated by the authors [3], assuming 
the most general mass term. However, when the scheme was applied to the 
spin-2 case, corresponding to Bhabha’s case #,(2,1), it was shown to contain 
new possibilities beyond Bhabha’s theory with general mass term. Especially it 
was shown that the scheme has in this case a zero mass limit, giving the line- 
arized Einstein equations for the classical (non quantized) gravitational field in 
empty space and in a general gauge. In this limit the wave function column 
consists of the components of a trace-less symmetrical tensor of second rank 
and a scalar, giving together the first approximation of the metric, and of the 
components of a traceless tensor of third rank and a vector, giving together 
the superpotential of gravitational theory. 

The aim of the present paper is to generalize the case R,(2,2) of Bhabha 
by means of the above-mentioned scheme. In this generalized case the wave 
function column of the Dirac equation consists of the 50 independent compo- 
nents of an affine tensor y””’, having the same symmetry properties as the 
Riemann-Christoffel curvature tensor, (2.5), (2.6). 

In Section 2 it is shown that the tensor p*”? is split under R, in a tensor, 
Aximn, (2.7), with the same symmetry properties as the curvature tensor, a ten- 
sor, Byim, (2.9), with the same symmetry properties as the superpotential, two 
symmetric tensors, O;;, (2.13), and Dy, (2.15), a vector, H,, (2.17), and two 
scalars, F, (2.18) and G, (2.19), all tensors being trace-less. 

In Section 3 the coefficient matrices f,, (3.4), are constructed by the sub- 
space method of Klein, used in [1,3]. Also, the most general mass term 4 is 
constructed, (3.7). 
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In Section 4 the Dirac equation is written in component form, (4.1)—(4.7). 
It is shown, how a special choice of the mass term, (4.8), (4.9), makes the 
equation reducible into the Bhabha cases R;(2,2), £;(2,0) and &,(0,0). Since the 
case R,(2,2) of Bhabha contains no vector or scalar, it is evidently incapable 
to describe the gravitational case. 

In Section 5 the zero mass limit is investigated. In order to obtain the clas- 
sical gravitational case it proves necessary, as in [1], to generalize the f,:s of 
the Dirac equation to the form Af,A, where A, (5.2), is of the same form as 
the mass term A, but Hermitian. By putting some of the arbitrary constants 
of A and &, (5.6), (5.7), equal to zero, the symmetrical tensor D,, and the 
scalar G disappears, as well as the corresponding components of the wave 
equation. The remaining Dirac equation has effectively 40 components. By suit- 
ably disposing of the remaining arbitrary constants, (5.8), (5.9), this equation 
is capable of giving the linearized Einstein equations for the gravitational field 
in a general gauge. For this purpose we have only to connect the metric with 
the tensor C;,, and the scalar F, (5.11), and the superpotential with the tensor 
Bim and the vector H,, (5.10). This superpotential is not exactly the same as 
the superpotential used in [1], but differs by a term, depending on the tensor 
Aximn, (5.12). This term, however, is shown to give no contribution, (5.20), to 
the linearized equations for the metric, the term having thus a gauge character. 

The tensor Ajjmn,, finally, is shown to have a close connection with the Rie- 
mann-Christoffel curvature tensor, (5.24). 

The work has been supported in part by the U.S. Air Force through the 
European Office of the Air Research and Development Command. 


2. Properties of the wave function 


We consider a wave equation of the form (latin indices running from 1 to 4 
and 2*= ict): 
(B* p,— A) p =0, (2.1) 


where 


; alts 
Pr = TRO. = — 1h —,. (2.2) 


use aut Bx and A are matrices, having the properties developed in Section 
of [1]. 

In [1,3] the present authors have investigated in some detail two of the three 
spin-2 cases, covered by this formalism. In the present paper the authors intend 
to investigate the remaining spin-2 case. 

In this reamining case the wave function consists of the components of a 
certain 5-dimensional tensor of fourth rank, irreducible under the affine 5-di- 
mensional group. A tensor with the required property is obtained, if a primitive 
characteristic unit of the symmetric group of permutations of four symbols, 
constructed from the standard Young tableaux 


a B 
(* ) (2.3) 
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operates on the indices of an arbitrary tensor 7'*”??. One possible such construc- 
tion gives the following irreducible tensor: 


pr = [brs 4. prvbad 1 rpadyB + PveaB _ Bad _ rpryxBd __ rppdya _ myopa __ 
— pxeoy _ opay _ mpexvoB _ rmpoyaB 4. pibady 4 Poaby 1 mbyda + Povba (2.4) 


This tensor, which we use as wave function, has the symmetry properties 


apyd yoaB __ Boryd __ 


pr’ = yp -y ti es (2.5) 


athe sti pore its br = 0, (2.6) 


i.e. the same properties as the Riemann-Christoffel curvature tensor. 

The number of independent index combinations in each antisymmetric index 
pair of y%*”? is 10. Since the tensor is symmetric in interchanging the two 
pairs, it has, disregarding the conditions (2.6), the same number of independent 
index combinations as a symmetric tensor of second rank in 10 dimensions, i.e. 
55. Now it is easily seen that (2.6) gives independent extra conditions only for 
all indices unequal and only one such condition for every set of unequal indices. 
In five dimensions the extra conditions can consequently be labelled by the 
missing index number, giving 5 extra conditions. The number of independent 
components of p*?”? is thus D,=55—5=50. 

Under the restriction to R, the wave function »*°”? is split in the following 
seven irreducible tensors: 

A) A tensor of fourth rank, 


es = Wrimn — 4 (Wr1'n Oxm oe rim” Onn + Wie i Om + Perm” Oi) . 


a $ Vrs (Oxm On = Orn O1m)s (2.7) 
satisfying (2.5), (2.6) and 


Aris a Aan = Agi = Angi’ av Pe rae ot Agayr ==), (2.8) 


By the same arguments as in 5 dimensions, the tensor A;;,,, has by virtue 
of (2.5) the same number of independent index combinations as a symmetric 
tensor of second rank in 6 dimensions, i.e. 21. The equation (2.6) gives in this 
case only one extra condition, since there exists only one set of unequal indices. 
The number of independent extra conditions, arising from (2.8), is the same as 
the number of independent components of a symmetric tensor of second rank, 
i.e. 10. The number of independent components of Aim, is thus “d,=21—1—10=10, 
corresponding to f,(2,2). 

B) A tensor of third rank 


Brim = Psxim — § (Wor m Ox + Wort" Oxm)s (2.9) 
satisfying 
Brim t+ Bink + Bre = 9; (2.10) 
Brim = — Bemis (2.11) 
Bit = Byn = Brrr = 9. (2.12) 
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This tensor, having the same symmetry properties as the tensor Axim of [1], 
ie. the same as the superpotential of gravitational theory, has 2d,=16 inde- 
pendent components, corresponding to R,(2,1). 

C) A symmetric tensor of second rank, 


Cra = Ponts — £ Wor's Ox, (2.13) 
satisfying 
Cu =Cu, Cr =9, (2.14) 


having “d,=9 independent components, corresponding to F,(2,0). 
D) A symmetric tensor of second rank, 


Dy = Pret F Yrs Oia» (2.15) 
satisfying 
Dy = Dy, D," = 9, (2.16) 


having °d,=9 independent components, corresponding to R,(2,0). 
E) A vector, 
Ey= Yorks (2.17) 


having ¥d,=4 components, corresponding to R,(1,0). 
F) A scalar, 
F=Yss's, (2.18) 


with *d,=1, corresponding to R,(0,0). 
G) A scalar, 
G=Yyrs"; (2.19) 


with “d,=1, corresponding to R,(0,0). 

As in [1] we will in the following consider the A, B, C, D, EZ, F, G-components 
as the independent components of the wave function. The components of pzgys 
can be expressed in the A, B, O, D, HE, F, G-components by the formulae: 


Wkimn — Aiea % (Din Qunpret Di On + Dis Over Dh Om) * 


+24 (Sim Sin — in im), (2.20) 
stim = Byam — § (E1Oem — Em Sx); (2.21) 
suis = Cn + $F Our (2.22) 
re’ = Dy + $F Ox. (2.23) 


3. Representation of the matrices 


We now follow the same procedure as in Section 2 of [3] and Section 4 of 
{1] and identify the transformation 


y =Qy=(1+ 8Q"+--)y (3.1) 
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with the affine transformation of a tensor of fourth rank: 
yer? ae es (Of ap ye” = on bre = e% rer? 4. eP Beywrs ss e whos ais e pre, (3.2) 
From (3.2) follows: 
(Qe? yp)?” = 9g ee yr A ge? yor? de ge’ pad Be ge pre, (3.3) 
Restricting ourselves to R,, we obtain in the same way as in Section 4 of [1]: 
(Br P)apys = 4 (Ora Popys + Orp Pady6 + Ory Wupss + Ord Yopys — 
= Ose Wr Byd _ Os, Parys — Osy Waprs O58 Wapyr)> (3.4) 
(Y W)apys = O5a Popys + O5p Pabys + O5y Yapss + O56 Pays, (3.5) 
(rs W)apys + Ore WsByd a Org Wasyd a Ory Waps 1° Ors Wapys — 
* Die Wr Byd a Ose Waryd ta Osy Waprd ae Os6 Wapyr- (3.6) 
Now, the remaining arguments and statements of Section 4 of [1] are still 
valid, only that we have to add a component G, an index 6 and a represen- 
tation F,(2,2), whereas the representation R,(1,1) does not occur here. 


The most general /A-term is in this case (V=4A, B, C, D, E, F, G): 


i= —th(> xyont+%cpWcp + xen Onc t+ uXrgWrotXreWar): (oad) 
N 


Here the wy are projection operators, defined by 


u f corresponding N-component, if M = N (3.8) 
-comp. of wyyp= 0 if MN . ‘ 
Furthermore, the operators wep and wpc are defined by 
C,,-component of wep y= Dy (3.9) 
D,;-component of wep y= 9 : 
O,,-component of wpcy=0 | 3.10) 
D,;-component of wpc y= Cx 


all A, B, E, F, G-components being zero. Similarly, the operators wpg and Wer 
are defined by 


F-component of wr¢y=@ (3.11) 
G-component of @rgy=0 
F-component of wery =0 (3.12) 
G-component of wery=F J’ . 
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all A, B, C, D, E-components being zero. We have 
Wép = pe; 


ie 2 
Org—WGrF-. 


4, The wave equation in component form 


(3.13) 


(3.14) 


Inserting (3.4) and (3.7)-(3.12) in the wave equation (2.1), we obtain for the 


A, B, C, D, E, F, G-components of this equation: 


On hates el 01 Hb Pons ig Om Bret ™ On Bru a 


= 3 Oy (Brn 13 By") Orem 7 (Bim 2 Pat) Oren 2 (Bien tr Bar's) Om 7 (Dem as Br’) Om] = 


= —tH4 Arima 


af 0, A’ sim i, (2; Crum = Om Cx) 4 4 (0, Ce Ox _ Oy Cc"; Oxm) = 4 (; des = Om Dy) ate 
+ $(0,D'n Ox — Or D1 Om) = — 0B Byam, 


0, (Bre + But) + 4 (0, By + Oy, E;) — $0, B" by = — te Cyr — 4 Hop Dy, 
8, (Bie + Bats) — & (0; By + & E,) + $0, EY by) = —t 2p Dy —ixbd Cy, 
—0,C,+0,D),+ 26,F+46,G= —ixgE,, 

— 20, EH" = —inpF —tupgG, 


—40,E"= —ingG—ixieF. 


(4.1) 


(4.2) 
(4.3) 
(4.4) 
(4.5) 
(4.6) 


(4.7) 


In the same manner as in the cases treated in [1,3], we can derive a higher 
order differential equation, satisfied by all components of the wave function. 
Similarly, the differential operator of this equation can be factorized in Klein- 
Gordon operators, containing the possible mass values. Of course, the ratios 
between the mass values can now also be arbitrarily varied by varying the 


mass parameters x. 


As proved in Section 2 of [1] the system of equations (4.1)-(4.7) is irreducible, 


if A, ie. the set of x:s, is sufficiently general. If however 
uc=Xp, Xcp=9, 
up=Ug, Xra=9, 
we obtain from (4.3), (4.4): 
0; (Bry + By) = — tx} (20g + Du), 
0, Ey, + 0, H, — $0, B" bx = — tHe (Cia — Dy). 
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(4.8) 


(4.9) 


(4.10) 


(4.11) 


- 
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Further, (4.6) and (4.7) give 
2F—G=0, (4.12) 
and for the combination of F and G, occurring in (4.5): 
—100,£"= —ix,(3F+Q4). (4.13) 


The system of equations (4.1)-(4.7) is evidently split into three independent 
systems of equations, (4.1), (4.2), (4.10) and (4.5), (4.11), (4.18) and (4.12), the 
first containing Ajimn, Byim, 2Cj+D,, and no vector or scalar, the second con- 
taining Cy;—D,,, E;,, 3F +G, and the third containing only the scalar 2F—G. 
The first system is equivalent to the case, classified by Bhabha [2] as R,(2,2) 
and treated by him for the special case of 4 being a constant times the unit 
matrix. The second system is equivalent to the case R,;(2,0) of Bhabha, treated 
with a general mass-term by the present authors [3]. The third system is the 
trivial case R,(0,0). 


5. The gravitational zero mass limit 


In order to obtain the gravitational zero mass limit, we have to use the 
same procedure as in Section 6 of [1], i.e. to generalize the Dirac-equation to 
the form 


[(A B* A) py, — Aly =0, (5.1) 
where (V=A, B, C, D, E, F, G): 


A=Dkvon+kepwcot+kipwpetkrewretkrewar. (5.2) 
N 


The reduction, discussed at the end of Section 4, can now be performed in a 
similar way as in [1]. We have only to make the assumptions (4.8) and (4.9) 
and pick out the case R;(2,2) by putting 


ke=kep = 0. (5.3) 


This makes the left hand side of (4.5) vanish. Moreover, H, vanish from (4.3) 
and (4.4). Hence 
Cra = Dua, (5.4) 


E,=G=F=0, (5.5) 
as required. — 
In order to obtain the gravitational zero mass limit, we can make the follow- 
ing different choice of the arbitrary constants: 
Firstly we put: 


kp =kep = #p = Xen = 9, (5.6) 
ke = kre = Xo = Hg = 9. (5.7) 
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This means that (4.4) and (4.7) disappear and the symmetrical tensor Dj, and 
the scalar @ vanish from the remaining equations (4.1)-(4.7). Consequently only 
40 components remain and the matrices of the Dirac equation are now effec- 
tively 40x 40-rowed. 
Secondly we put: 
Mp=2, X= —1, (5.8) 


%c=4p= 0. (5.9) 
Introduce moreover the notations 
Vain =1 [Brim BE 4 (Ey, Oxi - E, Ora) t (5.10) 


Nag = Cp + $F Oy. (5.11) 
(4.2) and (4.5) now give: 


Vici a 4 (0; Dink On hi re Om h,” Ot — OF hi" Oxi pa 


— 0, hy” Om + Or hi" Oxm) = 3 Oy A’ im: (5.12) 
Furthermore (4.3) and (4.6) give 
8, (Vier + Vi'x) = 9. (5.13) 
Since 
Or Os vs pg a Oy Os TAL es (5.14) 
it follows from (5.12) that 
0; Vi" a 0; Vy" x. (5.15) 
Consequently (5.13) means that 
0; V;,." =0. (5.16) 
If we put 
Grr = Ox + E bya + + (5.17) 


and insert the V;.,, of (5.12) into (5.16), the bracket terms of (5.12) give, just 
as in [1], all terms of the linearized Einstein equations for the gravitational 
field in empty space and in the general gauge. However, we obtain in the 
present case an additional term from the last term of (5.12). Calculating this 
additional term by means of (4.1), we obtain: 


Oy Os pg ae a [0, a 0s (Bien a Bn’) = 
Z 4A 
— 0,8; Os (Bn + Bm") — Om 0,05 (BM, + By)). (5.18) 
By (4.3), (4.6) and (5.6)-(5.9) we have 
8, (Br. + Be) = — § (0, Hy, + O% £)). (5.19) — 
Inserting (5.19) in (5.18) and making use of (4.6), we obtain: 


8,0, A", mn = 0. (5.20) 
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We are thus, as well as in [1], left with the Einstein linearized equations, 
0, a" hy. “ig Or 01 he a Ox Or hi ae ah 0; ht = (d, a" (ed cae (oP Os h'*) On = 0. (5.21) 


The equations (4.1) can be considered as equations for the definition of the 
tensor Ajim,, Which, of course, is intimately connected with the Riemann-Chris- 
toffel curvature tensor, 


Biimn = $ (2, Om Nien - 01 On him ue On On, him = On On hyp). (5.22) 


If we insert By, from (4.2) into the first 4 terms of (4.1) and from (5.19) in 
the remaining terms, we obtain by means of (4.5) and (5.5) and by putting 


(<P ae ga se (5.23) 
Biimn i oP eee 7 t Oy [O;, Aang we 0; Jes zi Om Paka a5 On Aiea (5.24) 
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